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Year 1 Linear transformations - enlargements and rotations

1.

The transformation P is an enlargement, centre the origin, with scale factor &, where £ > 0
The transformation O is a rotation through angle @ degrees anticlockwise about the origin.

The transformation P followed by the transformation Q is represented by the matrix

g 43
I PN
(a) Determine

(1) the value of &,

(i1) the smallest value of 0

“4)
A square S has vertices at the points with coordinates (0, 0), (a, —a), (2a, 0) and (a, a)
where a is a constant.
The square S is transformed to the square S’ by the transformation represented by M.
(b) Determine, in terms of a, the area of S’
(2)

Litaken from -formqla for
‘ankiclockuise 9°rotation about
the Orc'gin\ ‘N formulq booklet

ferst of all recognise M &g the single matrix formed from combining

the two guccessive matrix transformations P and

M=Qp
=)M:

D\

\V ")

(L) METHOO | : finding 'k’ using square root of det(M)

knou that for M representing an entacqement followed by a

the Onlj {-hing that will aﬂed: the ASF is the enlargemer\f'| heace using)

ASF=de£(M) (deu'ved. from: area of . doeg(Mm}=

bject
ASF =det (-H —'+f§> -
4§3 -4

u.sinﬂ formule for det.of a 2x2 matrix

ASF: -u(-4)- (-4ix4S3)
NS 0O .0 0

area o
(Md’(

)



Question 1 continued

16 - (-4¢]
16 +u8
=64
but ‘k' refers to the L.S.F of the enlarqemené
U.Smg LSF = JAsF
= f6¢
=€

u |l

s k=8
Lii) fo louing from

,Lmqu (:) usmq {-ormu(a book equation
nouU we knou that

ve can account for this ’en\argement
bn dwwlmg M by 8 and gel'l-mg

0. (’__“' “uJ3
g Q 4
af  a
[4 e
= (-VZ - 3/2
f?,/z ',/)_
ou {o get the

of rotation need to COMPARE (ORRESPONDING
ELEMENTS {rom the formuld book equ. and the

above
(COSé -siae) =(_'/z - 13/,
sin® ¢osO 3/2 -1,
¢o
20
looking at CAST OIAGRAM to
See uhere 056020 and sinf20 = Il quadrant
T A first (,’nding ‘principal anqle'
> - [}
60 %. )Y 0§ l(’/l)'.'go
T C

OR sin”'(34):60"
and finding the corresponding angle in

120°-60°= 120"

the \l quadrant
L e:120°

P 6 6 7 9 6 A 0 3 3 6
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Question 1 continued

METHOD 2 : finding ‘k'and ‘0" using matrix multiplication
M = [C0S6 -sa®\fk O] Multiply the elements n the

[ | . .
(sind €056/ © K/ rou of the first matrix by the
elements (nthe olumn of' the SeCond matrix and sum in betuéen :

O\ \
(o)
0s0 -(sinb\ (W 0\ /(056 -sif\G\ K g\
r— A CITYAAY 0 - PAC R

1]

[<050(k) = sinB(k) cosB(0)=5in(0) \
= Lgin® (k)4 c660(0)  sin0(0)#cosO(K)/

= [keos®  -ksind \
\\ ksin@ O

and £quating to M ia question

keos® ~ksin®| _ -%—
| w3 -y

(lesin® keosd J3- -4,

... Comparing gorrccponding elements:
Kkcos = -4 -0
ksind= 43 -®
ond Solve Simult aneousl-.j for 76'and k'
@ O (to eliminate k')
ksin® _ )3
KcosSO ~ -4
=) tand=-§3
Solve foc ©
O =tan"'(-

- -

0
I~ ) 4

using aaq(e (aus(fo qet +ve angle}
=-60°"+1€0
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Question 1 continued

- 0=120°
Subbing © into any of D or@ to qet ‘k!
(rR0®) =
'> kB =403

(s (s’)
(b) kaou the formula area of objectxdet(M) = area of image

and knou that det(M) =(“k")?

:( ]'-
= 64
.need to find area of objed' j d’duin1:
aY(a,a)
vay | : using(maqnil-qde of aside XZ\
(o ¥ 9 Jfa-o*+(a-o)*

= J at+a? = J2q4?
(q"ﬂ)
~drea s [Fp xf7a
OR = 2a2
WAY 2.:splitting info 2 triangles side leagth ‘a'and 24’

2 x5 (ax2a)
=2qt

- orea of s'= 2a¥x€Y
= 128a%

(Total for Question 1 is 6 marks)
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Year 2 Series - manipulating Maclaurin series expansions; integrating Maclaurin series expansions
2. (a) Use the Maclaurin series expansion for €0sx to determine the series expansion of
ef X |. . . . .
cos (5) in ascending powers of x, up to and including the term in x*

Give each term in simplest form.

2

(b) Use the answer to part (a) and calculus to find an approximation, to 5 decimal places, for

[ ()

NN

‘
3)
(c) Use the integration function on your calculator to evaluate
B
1
(—cos2 (i))dx
X 3
Give your answer to 5 decimal places.
(1)
(d) Assuming that the calculator answer in part (¢) is accurate to 5 decimal places,
comment on the accuracy of the approximation found in part (b).
(1)

(*)METHOD |- usiru! Maclauria expansion for (os(.f) ALL SQVARED

récognising cos™ 5&) is just the simpie compound function
X
cos( s) all SQVARED
.-.us'mg COSX S@rieS expansion
cosics [=X 4 X' ... (in FORMULA BOOKLET)
2! " y!

dnd using the substitution: x=%/3

X702 xX/\Y
cos(*3) = |- (%) (5.
3T N7
expanding brackets and taking the denominatdr
of the fractions in the numerator to the bottom

£ x? > tup to and iacludi
os(=)s1— = L T — 7Y Sluoy
C 5(3) | 2!(31)1"“(%.., x4
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= |- X, xt
18 " Tau4

Question 2 continued

{-iaMlj Sq_naling to give cos‘( J

cos?(%)= (\" +|’;:_|q—---)
k5
(l "’fq:q_" )(‘—% +£—:.,"“)

expandmg the b/ackcts
sp=Xtxt xt o xY o xt
1B 1944 I8 324 1qyy
(°llcc£mg like te(ms
- |_m’- +1x‘l +,x"

}gq W" 324
Q932 q;z
= | -x, et
q 492 243
= | -xFex’ .
q 243

METHOD 2:using coS double angle (dentity and simple compovnd function
cos(u) Maclaurin's gecies

WStng cos double angle : cos2x =2cos’x ~ |
and rearranging 40 make cos*x the sul."ecé

2c0s’x = | +¢°S').J§

<2
costyc =2 (}+cos2x)

question (S aslw\q {or cogl(-z-) Ser(es expansion S0 usina the
substif{ution x — l;-
yx\. | 25
oS (-3)- 3 [I+co${-3 ))
nou ceplacing cos(!-;) with the series expansion of

CoSX bat uhcle. X"’-""
_\6+( L u (y_:)‘l

2
expao\dms (anQr Llatkd's

+[y - yx? 16 ..)

(l (' 21(3?) +~|f(s"l )

7
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Simplefying fraction$

Question 2 continued = "i (l + (’ - l-ut + 16x™ ))

(&) subb ins

1944
maltiplying oqt ant brackets

=) L (Ifl-“x"+|6£“)

I8 44

<) z - %I 4+ Kox Lgx“
1( ygq |g,q’qJ

=) 35 (2- 1" 427;'3 ")

mu(iwl-lmq by Y

\', l—~_ +.—'- ‘I'."

243%

series expdnsion into the givea inteqral

w/, |
j\ x dx
(e ( ( ))
expand: inq (ntegral brackets
rf, X +X x3
J /¢ ( X 9 743 ) dx
inteqrating the x terms ; remembering the genera( result:

1
fxdx lnlxl+cC

and that Ix = xnﬂ

n+|
[ln.lxl ,xz + X xt }“/2
12 2y3(y) /g

lnfx(-x . x
2 Llal= 8 +q>z]

=*§[m(w)-_"_‘ U] -[taa L) L]

(C, usms CALC - ”\{ D b“f'['ot\, aqd 'butfin -

qt2

evaluate this on calc
= 0.9824°%1y...
= 0.98295 (Sd.p)

\AL RADIANS

o 0l ..
0 qug 0.98280(sd»!
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Question 2 continued

(d) com paing pack (b)'s with pact (cl's o,
see how part (b) only correct to 3d.p
ng/o error = poctibl-part(c) %[00
part(c)
T 0.98249¢..-0.982%0.. 100
0.982€00 ..

= 0.0|1S3% eror

(Total for Question 2 is 7 marks)
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Year 1 Roots of polynomials - transformation of roots

3. The cubic equation
ax’ +bx’—19x—b=0

where a and b are constants, has roots a, £ and y

The cubic equation
3 2 —
W =9w —=97w+c=0

where c is a constant, has roots (4a — 1), (4 — 1) and (4y — 1)

Without solving either cubic equation, determine the value of a, the value of b and the
value of c.

(6)

notic{ng that the cubic equation givea in te/ms of W is a LINEAR
TRANSFORMATION of the cubic equation in terms of usinﬁ the
Subséitution y=yx-|
:-can ubilise this to give us the values of ‘a‘,’b’ and ‘¢’

METHOD 1:Subbing w:'ix+| into the ‘transformed equation ~although

would naturally lean towards subbing into original equation -the ‘transformed’
2 1 has less UNVYNOWNS

(4x-1)3- {4 x-1)--97 (4sc-1)4C=0 "7 e METHDO 3
would be quicker

..-binwmially expanding - =

- Pagcal's
{'!(.GA"C:

|
21
1331

S\ALBinj (ato abwe
-q( +¢c=0
expaading brackets

64 x3-48x +2x~| -4 yx +F+2x -9 -388x +93+c =0
collect Like ¢erms

6“1’-!Q2x‘ﬁ5#x‘+97+(=0 -0
0 O O 0 0 A
P 6 6 7 9 6 A 0 1 0 3 6
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DO'NOT'WRITE INTHISAREA DONOTWRITE IN THIS AREA

DO NOTWRITEIN THIS AREA

Question 3 continued

Uhich Should be the scaLEo VERSION of :

ax?®+bx? :_l_q-xl-lo =0 @

to find scule let's use the x terms:

~3oy _
=5 |6

»if divided @by 16 -we'll get ©=O
O =6
=) yx-12x’-19x + 8_46+<=o -®
|

NOV ¢oy\p¢;:-in¢\ (oOHl’ti!l\(:S of @ and @

. e s xz'. z _7 S h .
. k=-n2
s Cw\ﬂai{f: 3

. xl6  xi6
=) 8¥+C=1(92
=)c=|(0

s A=k ,bs-12,c=10 |

METHOD 2: subbing W=lki-| iato g.‘g.‘nalequ&im .
W=lx-|
=) > = 4!
o T !
a(ut 4 W+ -
(") b(et')oa (22 ) -6 =0
-+ taking densminator to the front dad Binemially
expanding the res:
%(u-c-\)s'b-‘%(uﬁ)"-%”w-l\ =5=0

... Pascal's teiangle :
|
v
2|
1’33 |

1

R 0 00 O YRR 0 Turn over
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Question 3 continued

‘)a'(u +3u+3u+l)+5( ) -b=0
expaad brackets

A3 32,3 3ayr 4 —u7+15u+" -4 _ ': -b=0

i oy (L] tie
collect (¢ ke terms
(S v (G R4 =0

qetting common denominator

ff,“’ (3:+:L)u; +(32:85-loq)u . (awb;iou-t%) =0

Simplity

LY 3
squz,,(sauu, u ,,( a+8hb- 3oq)u *_(a. 60b- 30'1)

C'-(

=) ut 4(3&?(., l,)._, " (3«48:-;ov)d+(a~605—20‘1) =0
a

nou compare Coeficieats uith transformed equation :

WEECITEEL. 2 2 E s =0

--.Ul: o oo dclmm

a a X
Xa x a ¥xa
3a +Yb=-9q 3a+8b-304y =97

=) 12a+4L:0 -© =) 100a +gb =304 -©

solve gsimultaneously (equ-solver CALC or by elimination)
@ -2x0©
j00a +8£=30‘1
= 24a+8b:
Na:=4
Sub int0 any of @ or®
12("4") +46 =0
4@ + 4Ub=0

=) l-lb:—‘-lg
=) b=-I2

P 6 6 7 9 6 A0 1 2 3 6
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. . ... (ntegers :
Question 3 continued A -60b-30Y _ c
—_— =

(.
4" -60("-11)-30% -
a
=ye= 20§
oo a-= ""b —'2,( IOS-

M ETHOD 3: wsing the 4mns{-orm¢d roots of polynomials {-ormulae
flest for original -

ax3+bx? —I‘ix-b-o
= 'L/q $ B :”q/q' z b/a

* Nou for érans{olmul R}
- éf -f“.fﬁ $+€=0 =) 2x =9 fxp -3 xBY=-C
@-}ust evaluating ‘Sum of roots’

Soc=Y"o-|+486-1 +4¥-|

q- = 4(2¢)-3
q-—=4(-b/q)-3
=-4b =2
xo. % xx
-4b =12a
<-v T-4
=) b=-3a -0

@next evaluate sum of g
20 p ("f"( |)('-IB ')‘l’("la( |)('1X—|)+(|.|B ')("“'I)
= 16oxP-Yot-UR +1 +16x¥ = Yox-4¥ +1+ (6P ~4R- L5+
9% = 16(zap)-8 (<) +3
=1e()-a(" 2 )43

=) 16(-)-8(3)+3=-97

"30%--93424-3
Q
"0y < 36
xa, xa
-304 =-3}6a
=<36 =<3
azl

~6u bbl'ng into © (Total for Question 3 is 6 marks)

13
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b=-3(4)
-2
@f(nallj product of roots
A= (o1 ) Up-1)(4¥-1)
~C = (16xB-tax -4 +1)(4¥-1)
= 64 PY-16kY-16BY + 4¥ - 16 + Yo+ Yp =]
= 64(r1) = 16(2xR)+ 4 (2) - |
()65 e ()
= —I‘iz-le(-.'g)uz-l

=) -C =-10§
3Cc=10§

~azl, b=-12,¢= 105



Year 1 Matrices - matrix multiplication and identity matrices; inverse of matrices; determinant of 3x3 matrices

4. (i) Aisa 2 by 2 matrix and B is a 2 by 3 matrix.

Giving a reason for your answer, explain whether it is possible to evaluate

(a) AB
(b) A+B
(2)
(i1) Given that
-5 3 1) O 5 0
a 0 O0f 2 12 -1|=M
b a b)\-1 -11 3
where a, b and A are constants,
(a) determine
* the value of 4
* the value of a
* the value of b
S5N3 |
(b) Hence deduce the inverse of the matrix | a 0 0
b a b 3)
(ii1) Given that
1 1 1
M=|0 sinfd cosé where 0 <0< =x
0 cos260 sin26
determine the values of @ for which the matrix M is singular.
“4)

(x)
(al b \§ possible (Aand 8 are mu“ipll’tﬂiivt(-d conformabl@) "* n0.of colvmas o{-
A =no.of rons of 8
(b) ¢t isn't possible (A and 8 are not additively coaformablﬂ.) *A and B have
diﬂ-cleaf dimensions
(ii) qu[uq{ic\1 iest the |DENTITY MATRIX (.€ a 20r0 matriX with “X's (a

main diagona(.
2 12 "I) = (o 2 0)
-1 -n 3 0012
then wuse matrix muléiplication -

= QUT-BF—-SELECTIVE-ON-NHAT_VOU-MULTIPLY

P 6 6 7 9 6 A0 1 4 3 6
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Question 4 continued
. -(-0( thevalue of “%' see how should do row | multiplied bj
as this uould have no unknown$ On the L.H.5 and just A’ enthe Ru.S
=)-5(0)+3()+I(-N=2

=)N=8S
‘for the value of ‘a’, try M\Al‘l:\plyng by as doesn't
involve unknown ‘b' AND makes gure ‘&' jsn't bemg multiplied by D
=) + + =#s"
=) §a=$
=5 <5
=) Q= |
$or ‘b’ con either:
~-multiply by : by : by (O\v'_;l:!
4 + =0 + t =0 blo)+ (-1)+b0)
=) Zo.-lo =0 =) 2= 6 =)35-|=g- S
2( )=b R “e ~ 3b=(
=) b=2 b=2 -.35:2'?3
(b)METHOO I:using MM'=M"'M =T (BEST-METHODuaderTitEo.coNDITION)

let A=

sabbing in ‘a' and ‘6! values flom (a)

A.
l[“
e N o

nou notice that to deduce M jneed the product of the two
matrices ia patt (a) to be AA" =

~if we l’-a(f divid@ the ofhesr matny by %

o 0 \ _

(2 z-1 =3
-y -3

then this usaldmetn

0 SO _f100
s‘(z lz‘l>-(oto)

| - 3 o 0/
=)

- I to 5§ O
Al=— (-;\
s (303

15
A V0 O 0 OO A A —
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Question 4 continued
METHOD 2 : calc crassui2
Y .MATRIX - Defin@ MatA - OPTN MAT A - ‘x”""button

and SQ{' A"' =/0 \ O
0.4 2.4-0.)
0.2-2.2 0.6

METHOD 3 : mﬂ«\lq(l\! averse
NOTE = thiS iS a method NOT cecommended fof "ur( A mark but ¢ IS
avarded (n the ma 'k schem@

step |-
R (R EE P RITE

=-S(0) -3(2) +1(1)
-5
step 2 mateix of mins(s (2x2 matrix |edt after deet
columas that the choséa elemenf (s ic\)

M= 0o 2 {
s -n -l)
o -I -3
step 3 = mateix of cofactors (chdaging sigas of elemeats marked urth ‘- ')
-fo =2 |
¥ (—S‘ -12 )
ot -3
step Y : dranspese highlighted

<2 =12 |

[ -3

iag all fous and

. s _J_ T
step S u\vure.“fmc

_ 0O -S o
=5 (-2 -2 |
=3

Lol |

) 0O s D'
- 2 12 -
= - -ns/

(,iii) remembering that {oc matix to be s:’ngular) det(A)=0
“using formula for det. of 3 ¥3 matrices
det(Al =0

) R 0 O A 0
P 6 6 7 9 6 A0 1 6 3 6
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smO
l O cos‘ZG

= | .
0 Co$20 Ssia20 O S22
0= | (Sinesmze-cosecosze)— (0) + [(o)

=) 0=SinO5in20-c050 0520
solve to find
METHOD I:cos compound. dagle formula
knoy that cos(A1g)=cosAcosB 7 SinAsinP
0=-(cos( ))
= -c05(30)
=) ¢0s(38)=0
recognise compovad angle ~need to solve
manipulate range
let 9236
o) £94&inm
cosy =0
Y ~cos” (o)

Kind cosé/ l O cosb

M ETHOD 2 : -utna oS double angle formula and Pythaqocean
ld.e'\'£1‘1

us(ng SIn28= 26inO¢c0s0
Co326 :-lcogzg-l
0= sin(25ia0cs56 ) - cos0(2cos76 - )
=) 0= 2&'9_29(059 —2¢0s3Q +cosO
usiag Pythaqoree \'denfi{J
Sin?0 tcos0 =1
=) Siat =] -¢c0s%

0 = 2(1-c0s?6)cos0 ~2c0¢3@ +¢0SO
expand brackets

= 2¢0$0- 200520 -2¢05%Q + 05O
collect (ike terms

=)3c0sB® -Ycvs39 =0



Question 4 continued

FACTORISE cosO out

co$9(3-‘fc0529\=0
and make each bracket equal to O

=) ¢0s6 =0
z)e:=r/, '(2 rr-"/;_=)%
out of range
3-4cst6:=0
=) Ycos?d =3 =y
1 cos?@9 =3

E S
square root bobh side<
=) cos 6 = 2 J3%,

..4ve: ..mVe:
CosO = ﬁ/.., cos® :~F/q
e =cos"(’3/~1} 6 = cos™ (‘J}Z )
=gy (2a- =)y = Snf

Out of range

£ &= g h srf¢

(Total for Question 4 is 9 marks)
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Year 2 Calculus - finding improper integrals; finding the mean of functions

5. (1) Evaluate the improper integral

3)
(i1) The air temperature, 6 °C, on a particular day in London is modelled by the equation
6=8—5sin lt —COoS Et 0<rg24
12 6
where ¢ is the number of hours after midnight.
(a) Use calculus to show that the mean air temperature on this day is 8 °C,
according to the model.
3)
Given that the actual mean air temperature recorded on this day was higher than 8 °C,
(b) explain how the model could be refined.
(1)

Li) notice how integral i< “improper' due to the 7=-' in the limits, but
if we cda gei the t(nteqral to converge to a finite area thea ue can still
evaluate (¢ and qeé a real ansver

first (nteg/ating (adefinitely:

Xle.'/’x dx -
us«'ng genetal resuu-'{o: exponeatials ¢ devide lnj
derivative of power dad keep pouer as (¢ (S

= [-yehx]+c
now applying the Limits

(MEGT
={—(.'::l¢o [*‘te"""]\
Sl § () = ()]
TS (-ue™ euh)
as k2o, o ht, g ’“:
=) ~ye t40

P 6 6 7 9 6 A0 1 8 3 6
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Question 5 continued

.. tateqral converges to be 't
(ii)(a)

model for air temperature)
;l_; f : fCxc)dx

Subbing in as the limits and §(x) =0 giveain
the question

I
24-0 _[ (S—S'siq(”/u*)—cos(”/c(-)) dé
N 3u [ (8-Ssin(nt) - cos(ht)) 4 ¢
\AS?:\1 JSia(cx+L)Ax :--;.—(og(ax-ﬂa)-nc
and —feos(axsh Yhx: < sinlaxsb)+e
|
2y [8¢ + E9os(fy¢) - %:m(n/&)]_’

-y |
"z‘q% -

-

=)

Z-~\.|,ﬂ.¢oS;;"l x0| 2 ‘(oh‘
=) ;'q(mu%-%(ow_?)

=) ?,q ('ql)

= Q°C

Cii)(b) Qg. incrense value of constant [adapt constant 8 Lo fvaction
vhich takes values) 8 °C

(Total for Question 5 is 7 marks)

19
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Year 2 Modelling with differential equations - solving second order homogenous differential equations

6. A tourist decides to do a bungee jump from a bridge over a river.
One end of an elastic rope is attached to the bridge and the other end of the elastic rope
is attached to the tourist.
The tourist jumps off the bridge.

At time ¢ seconds after the tourist reaches their lowest point, their vertical displacement
18 x metres above a fixed point 30 metres vertically above the river.

When =0
e x=-20
« the velocity of the tourist is Oms '

« the acceleration of the tourist is 13.6ms

In the subsequent motion, the elastic rope is assumed to remain taut so that the vertical
displacement of the tourist can be modelled by the differential equation

5k&+2k@+17 =( tr>0
dr? dr Da =

where k is a positive constant.

(a) Determine the value of k

(2)
(b) Determine the particular solution to the differential equation.

(7)
(c) Hence find, according to the model, the vertical height of the tourist above the river

15 seconds after they have reached their lowest point.

(2)
(d) Give a limitation of the model.

1)

(&) notice hou we have an incomplete, HOMOGENOWUS 2 O.0.E - however
Substituting in the TNITIAL CONDITIONS from @quation can help
uS find the value of ‘R’
using fact that xc=displacement =
% =velocity= O
=acceleration =
Subbing these into the equatien

s(2e)*2m (0)e3(-20) 0
expand the brachets
=)68k +0-304 0
=%‘ k=5

P 6 6 7 9 6 A0 2 0 3 6
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Question 6 continued

(b) subbing in the into the differential equation
d’x =
S(5) G #2057)4E +13x=0
=)as dix + dx =0

ue ate asked €0 COLVE this homogenous 2 0.0.€
A€E: 25m?+10m+13=0
uSinq equation solver On clagsuiz catc OR
quadratic formula

mz= 0001 -t (25)( 1}

2(25)
* -lox [io0-1700

50
= -10+ =600
O
= -10240¢
S‘5

= -l kb4 =)C.F=-0.2 ¥o.8/(

5

now using the complex conl'uqa{-e result $or 2 0.0.€ (uhete 5‘-—'4“40)
Slmz&ibi -oys e®*(Acosbx + Bs‘inbx>

: -0.
¢S+ X=e 2"(Acos 08¢ +8sin0.<t)

but twis G.S represents a uhole family of differeatial equations
that have dujferent ‘A’ aad “8° values - question waate @

(1) fubbil\1 1 the .[.o(\ouiqs indial conditions:
= €%27(A cos(0.8x0) +Bsin(0.8x ))

=) =20 | (Acos(0) + Bsia(0))

=) -20:=A

d ifferentiating genetal solutivn

us.’ﬂﬂ difd . ruleS for @xponentials : %x okx = ke kxc

R0 O O AR RO 0 .
P 6 6 7 9 6 A0 2 1 3 6
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Question 6 continued

and Gng & sinkyc = kcoskic

%ttos ki = -ksStnk)

de _ (product rule]
at "e °’“(—0.8Asmo.8t +0.98 cos 0.8t) +

(-0.2.¢%%)(Acos 0.2¢ + Bsin 0.%¢)

-0.2( )(

=e ~0.8Asin(0) +0.2Bcos (0)) +

(-0.26%207)(Aces(0) +8sin( ))
=) 0=0.88-0.2A
Sub fn "A=-20"
020.88-0.2(-20)
=) 0088 +Y4
=) o Qa=—w b o

=) B -—5‘
spartitular solation § y < 7016 ( 20cos(0.8t) =S sia (O 8’&)1

(c)ue can see x in question rejels to the
€0 get FULL VERTIKAL HEIGHT
above river reached (ouwest point

need 30+ [ 7)(-20c05(08x17)- S sin(0.8% 1))
expand brackets
=) 30 +[e73 (-.zocos(:z\-S'cin(lz))J
evaluate 01 calc - in RADIANS
=) 29.2923 /0.
=) 29.3m (3sf)
(d) possible [limit ations:
-unlikely that rope will remain taut
-model predicts that tourist will continue to move up

and doun (in fact, uill eveatually (0se momentum)
"toursk modtlled as a porticle (s UNREALISTIC

22
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Question 6 continued

(Total for Question 6 is 12 marks)
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Year 1 Vectors - using vector parametric equation of planes; finding Cartesian equations of planes;
finding shortest distance between a point and a plane

7. The plane /7 has equation

3 -1 2 8
r=|(3(+A 2[+x[0 o
2 1 1 e
3
where 4 and u are scalar parameters. our
m
(a) Show that vector 2i + 3j — 4k is perpendicular to /7. E
) T
7,)
(b) Hence find a Cartesian equation of /1. ;
@) o
The line / has equation
4 1
r=|-5|+¢ 6
2 =3
)
where 7 is a scalar parameter. :
)
The point 4 lies on /. 4
Given that the shortest distance between 4 and 7 is 2+/29 :
1
(c) determine the possible coordinates of A4. :
) !
A
(o) remembeu'ng the fact that for a L0 VECTOR o be perpendicular to the :
lane T (qi . r ic form . =a+rbe
plane (qcven va vector parametric form [.e uhere (v g i )
pOSition W0 non -parallel
vector  direction vectors
£hen the dot product of it and the tuo non-parallel vedors 7t and < mwust
be O ((omes .‘{om G'\Q'Q betueea 2 Lines=90° .. cos(qo0)’'= %:Ib“", =) a.b=0 ) ’
~remembering dot product as sum of product of each element o
2
2 (@)
(5)-[7 | zaenssa)satr) <624 =0 3
o
2 - =
(3” =2(2)+0(3) -4 (1) = t-4=0 ;
-'
. . . " o
as (-Z') s Perpenduulcr to both direction vectors 0{ [Tymust be 7
-4 Pelpead{cqlar to MM E
>

24
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(k) Ne know that the general Cartesian equation for a plase (s:
x4y, 420, =p Uhere (E’,) are (parp.) to the plane
3
and ‘p' comes from r.n=p

position vector

‘ue already know the normal from part(a) - ( ) now doing the
to qet P

( ) ( ) =3(2) +3(3) +2(-4) =3

*+completing the general Cartesian form,qet:
r=2x+3y-ha=3
Cc) METHOD | :using formula book equation

question s asl«'ng us ko use and sub into the equation for shortest distance
betueea a point and a plane :

the perp. distance of (°<|3\¥)

N +n, B +n, Y +d
{fom n.x*nz\jf’lsz d‘o S ' : lB - l

Iy 4(n,) 4 (n,)
(GIVEN 1N FORMULA 80OK)

Uhere %eneml point A = (-qS't{-C é) :(:)
2-3t X

2J29 = Iz_(q++)+s(—s+ef) -%(2-3¢) -2

[+ 31y
Lxpand brackets

2079 = |g+2t-IS-18t-Q+t-3 |

J29
x [29 x[29




Question 7 continued

=) 2(24): |8+2t-ISpet-8+12¢-3]
collect (ke terms
$8 = |32¢-22]
evaluating the modwulus
§8:21(22¢-21)

Ve .
T§g=324-2) 5'9--(32t 22)

F) 3at=go.,, =y s8:-321422

=) ¢ =80
T2 =) 32k=22-¢8
AT 2332k -,
') t=-9g

nou subbing in both in tuen into the sene/a(
coordinates for A:

A=(H+( ) _('%)
- +6( )) =( 10
2-3(2.5) M/,
= /b 23/
)G
2-3("/2) 43¢

-~possible A coordinates :
('3 10, —J or( -43 J

METHOD 2: separating ‘shortest distances’ P((hm r-n:p
first need. ‘shoctest distance from origin to plane‘ e =
QN

In) =] F G +CR

=9 N
" Ra
next pespendicular gdistance {rOm plane coataining p.o-i to the origin
e an
In|

s 2
{3
L

P 6 6 7 9 6 A 0 2 6 3 6
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Question 7 continued

F2(yat) +3(-5 xCE)-u(2-13¢t)
@xpand brachets

= @+2t-15+I9t -8 +l124

= Rt-I8
32§
J29
. min.distance =
an_¢ , _| by _ 3 l
lal  a | ~ 129 29
) {79 = ‘szt-zz/
J29
)(ﬁq xhq

2029) = 132k -22]
=) §8 = |32t-27f

evalwate modulus
=) tg = £(32¢-22)

Y XVX 1 ,..-Vt:
$g=22t-22 §8=-(32¢r-22)
€=-32¢+22
=y 32t = €D ¥
~30 T3 z) 32k=-S8+22
=) t=5/) =) 3262 -3C =3,
~32 )t = '.35
32
St =g

how sub&nj both ‘4'values into the general coo’dinate for A

- [u+ '3/)_
A = (-r+6 ) :(Io )
2 -3 A

- [4+ - [23/3
A ( -€+6 ) = 10 )
.. posscble coordinates of A are

1 10,71 PARSCT :e»)
2'|0|7. oY (8) 4, &
(Total for Question 7 is 8 marks)
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Year 2 Modelling with differential equations - forming and solving first order differential equations

8.

(a)recogaise this as a ‘modelling with 20.0.€) question (hinted by the ‘insrantly

Two different colours of paint are being mixed together in a container.

The paint is stirred continuously so that each colour is instantly dispersed evenly
throughout the container.

Initially the container holds a mixture of 10 litres of red paint and 20 litres of blue paint.

The colour of the paint mixture is now altered by
* adding red paint to the container at a rate of 2 litres per second
* adding blue paint to the container at a rate of 1 litre per second
* pumping fully mixed paint from the container at a rate of 3 litres per second.

Let #litres be the amount of red paint in the container at time ¢ seconds after the colour
of the paint mixture starts to be altered.

(a) Show that the amount of red paint in the container can be modelled by the
differential equation

dr r

d¢ a

where a is a positive constant to be determined.

(2)
(b) By solving the differential equation, determine how long it will take for the mixture
of paint in the container to consist of equal amounts of red paint and blue paint,
according to the model. Give your answer to the nearest second.
(6)
It actually takes 9'seéconds for'the mixtlre of paifit in the container to consist of equal
amounts of red paint and blue paint.
(c) Use this information to evaluate the model, giving a reason for your answer.
(1)

drspersed throughout' in the imestl.of\) ’-f°((oufng the {ormat:-

28

‘volume of paint=20L+ (0L = 30L

‘concentration of red paint = ¥ =L
" ° ° ok 30

‘rate of red in = 2Llsec

- rate of red out= lesecx_t;

30

0

—

,oLlsec

C -rate in-rate oul
& -1D
= 2"—— pliste |- a=|

P 6 6 7 9 6 A0 2 8 3 6
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Question 8 continued

(b)now asked to solve the | 0.0.€

VAY |: using inteqrating f attor

...reuri{-in(j . form : )
%’ +Py =@

* dr . r
n + ° =2

.Straight auay caa see canaot solve usin as tavolves
an addition rather than the P:oducé of 2 variables aad %‘g‘

"dlso see cannot use as
o A
dr $4— =2
dt 10
N
4 (5) = 16:)

:.pok reverse producé rule

Pds

heace oaly way - introduce :
=) ef%oedﬁ =e*llb

iplying th
Multiplying througdh by (124 )

¢\t
487 0 d (el = ge
NOY we can -fof revers prod\u{ rule (akovc)

reurite . n
:\—Li_( retln) = 2¢

inteqrate both gides and solve for ‘e’
[4e(re™®) de =[acthoat

=) 6.5: retlio =200 4+c
but asked $os PARTICULAR SOLUTION
using at t=0,r=10
(10)e™" = 20e”" +¢
=) 1Dp=20+C
=y c¢=-10
P.s: rethoz 206t
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Question 8 continued

next‘{or time taken fof mixture to contain equal amovats of r' and ‘b
need to use fact that total V=30L aad ~svb in r=15 into above P.S

(15)eM®=20e0_10
collecting exponeatiuls and solving for '
20¢t00 | §etle =10
=) §eM° =10
<S 23
=) etllb =2
taking (vgs of both sides
t -
10 =ln2
=) €=z10ln2
€.-9314)3.
Fsecs (1s-¢)

METHOD 2: sepalation of variwbles (easier! if spoled)
making the equation in part (a] to heve one common denominator

dr _ 20-r
d¢t ~ 0

and no!i:ing hOW no longer an addition -can
dnd, cateqrate both sides
=@o-r) =(v-r)

L <[
jzo-r dr = L_O at
usic\g I—;E dx = lalxl+C and Jf-'(d.\t-bl») dx =é{(¢x+£)4c

6.5 —\al20-rl = t4c
now difficult to rearsange for eV sub i initial condibions
to qeé P.S
at t=0,r=1D
-in|20-10] = T'l)(o) 4+«
=y c=-lalio]
P.S=z -lnj20-r| =-l'bk -lao/
Gnd for mixtuie to hove @qual ¢r'and ‘b')-
svb in = 3_2? =15 ¢ato P.§
-laf20-151=% & -lali0]
—ln | sl =%t - Inlt0]

LnllDl-lnlSI-‘--,‘—o{-

P 6 6 7 9 6 A0 3 0 3 6

30



Question 8 continued

using qwotient log law

I 1= 10
[ [ IA'=_._ 4
=) Inj21=0
solve for t
=)t SIﬁiﬂizi
=6-93/43.
() vorking out % error ia Light =} secS
i 7
of the measvwred q
*+*-9
% 10D
= -20%

) model is 20 of} the actual value .apt a great mode(

N

(Total for Question 8 is 9 marks)

P 6 6 7 9 6 A0 3 1 3 6
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Year 2 Hyperbolic functions - integration with hyperbolic functions & finding areas under graphs

9. (a) Use a hyperbolic substitution and calculus to show that

2
J\/:—dx:%[ Vx? —1+arcoshx]+k
x° =1

where £ is an arbitrary constant.

(6)
VA
C

R
>
0 x=3 X

Figure 1

Figure 1 shows a sketch of part of the curve C with equation
y = —x arcoshx 4 &5
15

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x-axis
and the line with equation x = 3

(b) Using algebraic integration and the result from part (a), show that the area of R is given by

%[17111(3 +202) - 6\/5]
(5)

(a)we're asked £o shou that
| [l‘_-',l dx = L[ [0} + arcoshle) ]k
xt-

usins the l\‘jperbo(ic substitution . x=coshw
<) L‘:Sinhu
du

=) dx = sinhuduw

and.—brging to reptace fuactions inthe inteqral
uith f\mciions interms of ‘u!

P 6 6 7 9 6 A0 3 2 3 6
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DONOTWRITE IN-THIS AREA

e Tt B KPSy S

o W o S O e o i e

DO NOT WRITE INTHIS AREA

Question 9 continued

x* = coshiu

and  Jac3-1 = Jeoshtu-)
“wsing coSh*u-sinh =1

=) coshiu -l Ssimh

s ,I sinhiy

= Sinhw

sulol,inﬂ into the inteqral

oshiy .

ICosh’u dw

but can't inteqrate triq powers ~using TRIGC [OENT\TY

1yed J
. € 2.“52’“'1

=) coshlx :-é—coshlx +2!
=2 (wsh2zic+1) = Coshta 33'(to$|\2\4.+l)

take the 3out
3 [coshz st du

us-’qs Itosku s Sinh)x * ¢
= i ..ls'ml\lu-ruJ t+k
2 . ,
noticing /" and ‘k) are correct as ilVactrated fa ‘Shou that'
but ‘cnl2u and need ¢o be axpressed
2

IN TERMS of x'

.--for ;-'tsinhl'i-'
use hyperbslic version of sin double angle-
$tn20 = 2510 (oSO
sinh10=28nh0 (0Sh®
-‘isinkZV\ s -;:(Z;inkuco:l\u)
= sinhwcoshw
knou that X =CoShu
and sinhu = coshtu =~/
= -l (seea prev.)
= e fae
...for TRE
use x=coshu
s Yz arcosh X
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Question 9 continued

g&-ﬁd -- x -1+ 1+k

(L) for area bouaded 51 C,aeed to evaluate:

y (3
E-J x arcosh x dx
(o]
no&ici«g product of tuo fundt'OAS ~hints at using |'ql-egra£ion bj
pacts jusiag the follouing rule:

let w=
L ogs$ -
§ iverss .-:1 \r"u} .
Alqebraic fvactions
Trig
Exponentials
- W=0rcoshx vz
Ve
w'z —_ (INFORMULA y = X
I~ goouter) z

Juv Ay = uV-Ju‘vdx

L 3

- 2 3
-)_|_"$ [-'-xla!co:h)c -Jzifif- dx] .

=) —"— 2arcoshyx - L X2 dx]3
2X : 2 Sf;(f-l o

Ly pack(a) ,
=) 4 2 1t
s x accoshx [ J]o
expand Sq\mlt brackets .
|S’ [ 3X 2arcoshx =< :~t:J:r.z | == am(k)c]

= ,i,g[I(s\'arcoskll)-qﬂ),lls) SRS TUITNEN P N ']}
=) Tl'?( %auosk(l) -%-,3 —-2'— quoﬂ\(l))

us.':\g DFN of arcoshx - lalx + Jx%1 |

arcosh(3) = Lq |3+ +1]
=ln|3 +Jg

=) (‘g(lntuﬁ)) ‘Lf‘ -_Lm(m}))

34
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Question 9 continued

l'al«iqj Y out

'Y ? 1\
is(3) (181n(3+78) 38 - (nt3+5))

Te=22 3fe =3(217)
, ¢z
4:) —S(!}lnll-l-ZE) "CE)

X

ERRRRIERRKS

XXX

SRR

/N

oo
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Question 9 continued
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(Total for Question 9 is 11 marks)
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